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Abstract. The paper studies modeling of quality parameters formation during machining on 
metal cutting machines. It was demonstrated that operational properties of parts are created not 
only at finishing operations, but rather formed throughout the entire technological process. At 
the same time, some characteristics and properties are inherited from operation to operation, 
i. e. copying of workpiece form errors to the machined part in the form of the same errors. The 
nonlinearity of the workpiece corresponds to the nonlinearity of the part. The extent of 
operational copying of nonlinearity (shaft surface runout in the middle section) was studied. 
A mathematical model of such error inheritance was developed with consideration of the 
nonlinear approximation of depth of cut variation along the workpiece circumference (per one 
revolution of the part). For existing tool materials, the exponent x at the cutting depth in the 
formula of the cutting force P is in the range of 0.7–0.9. As the depth of cut decreases, the 
refinement coefficient decreases. Therefore, when switching from rough operations (large 
cutting depths) to finishing (small cutting depths), the refinement coefficient becomes smaller. 
1. Introduction 
In non-rigid technological systems, a change in the system’s elastic deformations causes significant 
deviations in the form of the machined surface. Errors determined by the elastic deformations of the 
technological system are dominant in stationary, steady-state mode of operation of the equipment 
when processing parts with small dimensions. Cutting force induced elastic deformations in the 
technological system lead to the development of both size errors and form errors of the workpiece [1–4].  
When developing a technological process, it must be borne in mind that the operational properties 
of parts are created not only during finishing operations, but rather throughout the entire technological 
process. At the same time, some characteristics and properties transition from operation to operation; 
they seem to be inherited from the previous operation [5–7]. A good example confirming the influence 
of technological heredity on machining accuracy can be the copying of workpiece form errors to the 
machined part in the form of the same error (ovality of the workpiece corresponds to the ovality of the 
part, conicity, cone shape, etc.). 
2. Methods 





where p − is the error of the workpiece; d − error of the part. 
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This coefficient allows one to evaluate the technological capabilities for increasing part accuracy, 
regardless of the type and magnitude of errors. 
It is known that in rigid technological systems, when the rigidity of the part is greater than the 
rigidity of the machine, the error decreases from operation to operation, whereas in non-rigid 
technological systems the errors of the workpiece can be copied to the part completely [8–10]. 
The influence of negative hereditary properties on the final characteristics of machined parts should 
be either eliminated or limited. Therefore, technological heredity should be controlled by setting up 
such processing conditions in operations that would guarantee production of the part with the required 
accuracy. 
One of the significant errors for low rigidity shafts is the crookedness of the longitudinal axis. In 
order to determine ways to reduce this error, it is necessary to know the mechanism of its formation 
and changes occurring in the process. 
Figure 1 shows the change in the crookedness of a shaft type part (runout in the middle section) (a) 
and the refinement coefficient (b) during the process. One can see that the refinement coefficient 
decreases during the transition from roughing to finishing operations. That is, the largest decrease in 




Figure 1. Change in the crookedness of a shaft-type part (runout in the middle section) 
(a) and the refinement coefficient of shaft and pipe type parts (b) along the process – machining 
operation: 1 − rough turning, 2 − thermotreatment, 3 − middle turning 4 − finish turning 
Let us define the causes of this phenomenon. The deformation of a technological system with a 




 ,       (1) 
where j − is the rigidity of the technological system. 
The force acting on a technological system during machining is determined by the power-law 
dependence 
P= C vu sz tх, 
where C is a constant coefficient, v is the cutting speed, s is the feed, t is the cutting depth, u, z, x are 
the exponents. 
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Deformation of the part under the influence of the cutting force reduces the depth of cut. Given the 
deformation of the system 
P = C vu sz (t – y)х,     (2) 
where y − is the system deformation value. 
Part errors – longitudinal axis out-of-straightness – is determined by the part middle section 
eccentricity e relative to the axis connecting the centers of the sections of the ends of the parts (Figure 
2, a). Thus, the scheme of part error formation can be represented in the way presented in Figure 2, b. 
As a result of workpiece a cross section center shift relative to the axis of rotation g by the value of 
ep, the allowance along the circumference of the section is uneven. Consequently, the deformation of 
the technological system will also be uneven along the circumference. As a result, after machining, the 
result is the profile of part B with the center of the middle section b. 
Let us describe the variation in a given allowance around the circumference by the equation 
t = tа +f()      (3) 
where ta is the average value of the depth of cut; f() is a variable in the depth of cut as a function of 
the angle of rotation. 
Figure 3 shows a diagram for determining the law of change of law of variation t. From the triangle 
t = R – rd,    𝑅 = √𝑟𝑝
2 + 𝑒𝑝





Figure 4 shows the results of calculating the variation in t1 by the angle of rotation of the part. It is 
seen that the law of variation is close to sinusoidal.  
We approximate the variable value of the cutting depth by a sinusoidal function 
f() = ep sin(). 
Figure 4 shows the results of approximation. It is evident that the two curves are practically 
superimposed on each other (the inset shows a fragment of the curves on an enlarged scale). The 
largest approximation error does not exceed 4.5 % (Figure 5) 
Therefore, dependence (3) can be represented as 
t= tа + ep sin()     (4) 
where ep is the eccentricity of the workpiece;  is the angle of rotation of the part. 
Substituting equation (4) into (1), we obtain 
P = C v-u sz [t + ep sin() – y]х     (5) 
Let us expand expression (5) in the Maclaurin series with respect to y and epsin(). Given only 
linear terms, we obtain 
P = C v-u sz [tx + xtx-1ep sin() – xtx-1y]    (6) 
As the calculations showed, the linearization error of function (5) in the range of possible values of 
y and ep sin() for any possible values of v, s, t is not more than 7.5 %. 








Thus, under the influence of a variable cutting force due to a variable allowance around the 
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Figure 2. Scheme for determining the error in 
the longitudinal (a) and transverse (b) sections. 
 
 
Figure 3. Scheme for determining the law of 
variation t: a – workpiece axis, c – workpiece 
rotation axis (spindle axis), e3 – workpiece 
eccentricity relative to the rotation axis, rp – 
workpiece radius, rd – part radius, R – distance from 
the center of rotation to the workpiece outer surface, 





Figure 4. Change of cutting depth by rotation 
angle:  – calculated value,  – approximation. 
Figure 5. Change of approximation error () by 
rotation angle. 
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                                                                    (7) 
From dependence (7) one can see that with increasing rigidity of the technological system and 
cutting speed, the feed refinement coefficient increases. The influence of the depth of cut depends on 
the exponent x (Figure 6). 
 
Figure 6. The nature of the dependence of the refinement coefficient on the cutting depth for various x. 
For 0 < x <1, the exponent at t is less than zero, and the refinement coefficient increases with 
increasing depth of cut. For x > 1, the influence of the level on Ky is inverse. At x = 1, the refinement 
coefficient does not depend on the depth of cut. 
3. Conclusion 
For existing tool materials, the exponent x at the cutting depth in the formula of the cutting force P is 
in the range of 0.7–0.9 (range 0 < x < 1). As the depth of cut decreases, the refinement coefficient 
decreases. Therefore, when switching from rough operations (large cutting depths) to finishing (small 
cutting depths), the refinement coefficient becomes smaller. 
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